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Abstract
In this paper, we study quasi-ergodicity for one-dimensional diffusion X killed at 0, when 0 is an exit boundary and
+∞ is an entrance boundary. Using the spectral theory tool, we show that if the killed semigroup is intrinsically
ultracontractive, then there exists a unique quasi-ergodic distribution for X. An example is given to illustrate the
result. Moreover, the ultracontractivity of the killed semigroup is also studied.
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1. Introduction
One of the fundamental problems for a killed Markov process conditioned on survival is to study its long-term
asymptotic behavior. In order to understand the behavior of the process before absorption, a relevant object to look
at is a so-called quasi-ergodic distribution, which may be defined as the limiting distribution of the expected empir-
ical distributions of the process conditioned on absorption not occurred. This paper is a continuation of studying
quasi-ergodic distribution for killed Markov processes, which focus on one-dimensional diffusions with 0 as an exit
boundary and +∞ as an entrance boundary.
Quasi-ergodic distribution is sometimes called mean-ratio quasi-stationary distribution in some literature. To the
best of our knowledge, the definition of quasi-ergodic theorem put first forward by Breyer and Roberts [1], who proved
the existence and uniqueness of quasi-ergodic distribution for Markov processes with general state spaces under the
condition that the process is a positive Harris λ-recurrent process with λ ≤ 0. For absorbing Markov processes under
the assumption on λ-positivity, Chen et al. [5] studied some problems related to quasi-ergodic distribution, attempting
to interpret quasi-ergodic distribution from different perspectives. Soon afterwards, Chen and Jian [3] proved the ex-
istence and uniqueness of both quasi-stationary distribution and quasi-ergodic distribution for killed Brownian motion
by using an eigenfunction expansion for the transition density. Their results show that quasi-ergodic distribution is
quite different from quasi-stationary distribution, but coincide with a certain double limiting distribution, reflecting
a kind of phase transition. The exponential convergence rate to quasi-stationarity and quasi-ergodicity for ultracon-
tractive Markov processes was also studied by Chen and Jian [4]. Recently, for general Markov processes, which is a
standard Markov process admitting a dual with respect to a finite measure and a strictly positive bounded continuous
transition density(in fact, this condition is equivalent to saying that the semigroup is ultracontractive), Zhang et al.
[14] proved the existence and uniqueness of both quasi-stationary distribution and quasi-ergodic distribution. We
point out that our case cannot be contained as one of their cases because the reference measure is infinite in our case.
This paper is related to [10]. Littin [10] proved the existence of a unique quasi-stationary distribution and of
the Yaglom limit for the one-dimensional diffusion X killed at 0, when 0 is an exit boundary and +∞ is an entrance
boundary. Using the spectral theory tool, we will show that if the killed semigroup is intrinsically ultracontractive,
then there exists a unique quasi-ergodic distribution for the process X.
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The remainder of this paper is organized as follows. In Section 2 we present some preliminaries that will be
needed in the sequel. In Section 3, we will study some problems related to quasi-ergodic distribution and prove the
existence and uniqueness of quasi-ergodic distribution. We conclude in Section 4 with an example.
2. Preliminaries
We consider the generator Lu := 12∂xxu−α∂xu. Denote by X the diffusion on (0,∞) whose infinitesimal generator
is L, or in other words the solution of the stochastic differential equation (SDE)
dXt = dBt − α(Xt)dt, X0 = x > 0, (2.1)
where (Bt; t ≥ 0) is a standard one-dimensional Brownian motion and α ∈ C1(0,∞). In this paper, α is allowed to
explode at the origin. There exists a pathwise unique solution to the SDE (2.1) up to the explosion time τ.
Associated with α, we consider the following two functions
Λ(x) =
∫ x
1
eQ(y)dy and κ(x) =
∫ x
1
eQ(y)
(∫ y
1
e−Q(z)dz
)
dy, (2.2)
where Q(y) =
∫ y
1 2α(x)dx. Notice that Λ is the scale function for X.
The other important piece of information is the following measure, which is an infinite measure in this paper,
defined on (0,∞):
µ(dy) := e−Q(y)dy. (2.3)
Notice that µ is the speed measure for X.
Let Ta := inf{0 ≤ t < τ : Xt = a} be the hitting time of a ∈ (0,∞) for X. We denote by T∞ = lim
n→∞
Tn and
T0 = lim
n→∞
T1/n. Because α is regular in (0,∞), then τ = min{T0, T∞}. Let Px and Ex stand for the probability and
the expectation, respectively, associated with X when initiated from x. For any distribution ν on (0,∞), we define
Pν(·) :=
∫ ∞
0 Px(·)ν(dx). We denote by B(0,∞) the Borel σ-algebra on (0,∞), P(0,∞) the set of all probability
measures on (0,∞), 1A the indicator function of A and 〈 f , g〉µ =
∫ ∞
0 f (u)g(u)µ(du).
For most of the results in this paper we will use the following hypothesis (H), that is,
Definition 2.1. We say that hypothesis (H) holds if the following explicit conditions on α, all together, are satisfied:
(H1) for all x > 0, Px(τ = T0 < T∞) = 1.
(H2) for any ε > 0, µ(0, ε) = ∞.
(H3) S =
∫ ∞
1 e
Q(y)
(∫ ∞
y e
−Q(z)dz
)
dy < ∞.
If (H1) holds, then it is equivalent to Λ(∞) = ∞ and κ(0+) < ∞ (see, e.g., [7], Chapter VI, Theorem 3.2). If (H1)
and (H2) are satisfied, we say that 0 is an exit boundary in the sense of Feller (see [9, Chapter 15]). If (H1) and (H3)
are satisfied, then +∞ is an entrance boundary in the sense of Feller ( see also [9, Chapter 15]).
We know from [10] that L is the generator of a strongly continuous symmetric semigroup of contractions on
L
2(µ) denoted by (Pt)t≥0. This semigroup is sub-Markovian, that is, if 0 ≤ f ≤ 1, then 0 ≤ Pt f ≤ 1 µ-a.e.. Also
from [10] we get that when absorption is sure, that is (H1) holds, the semigroup of X killed at 0 can be given by
Pt f (x) = Ex[ f (Xt), T0 > t].
In this paper, we need some results obtained by Littin [10], which are summarized in the following proposition.
Proposition 2.2. ([10]) Assume (H) holds. Then we have
(i) −L has purely discrete spectrum. The eigenvalues 0 < λ1 < λ2 < · · · are simple, lim
n→∞
λn = +∞, and the
eigenfunction ηn associated to λn has exactly n roots belonging to (0,∞) and an orthonormal basis of L2(µ). In
particular, η1 can be chosen to be strictly positive.
for g ∈ L2(µ),
Ptg =
∑
i≥1
e−λit〈ηi, g〉µηi in L2(µ), (2.4)
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then for f , g ∈ L2(µ),
lim
t→∞
eλ1t〈g, Pt f 〉µ = 〈η1, f 〉µ〈η1, g〉µ. (2.5)
(ii) for any n ≥ 1, ηn ∈ L1(µ).
(iii) for all x > 0 and all t > 0, there exists some density r(t, x, ·) that satisfies
Ex[ f (Xt), T0 > t] =
∫ ∞
0
r(t, x, y) f (y)µ(dy) (2.6)
for all bounded Borel function f . Moreover, the density r(t, x, ·) ∈ L2(µ) for all x > 0, t > 0. In particular, there exists
a function B(t) ≥ 0, limt→∞ B(t) = 0 such that∫ ∞
0
r2(t, x, y)µ(dy) < r(t, x, x)B(t) < ∞. (2.7)
(iv) for all x > 0 and A ∈ B(0,∞),
lim
t→∞
eλ1tPx(T0 > t) = η1(x)〈η1, 1〉µ. (2.8)
The following result plays an important role in our following arguments and is of independent interest.
Proposition 2.3. Assume (H) holds. Then η1 is bounded.
Proof. First, if (H) is satisfied, based on [2, Proposition 7.6], we can deduce that there is x0 > 0 such that B1 :=
supx≥x0 Ex[eλ1Tx0 ] < ∞. From the equality (2.8), we get that B2 := supu≥0 eλ1uPx0 (T0 > u) < ∞. Then for x > x0, we
have
Px(T0 > t) =
∫ t
0
Px0(T0 > u)Px(Tx0 ∈ d(t − u)) + Px(Tx0 > t)
≤ B2
∫ t
0
e−λ1uPx(Tx0 ∈ d(t − u)) + Px(Tx0 > t)
≤ B2e−λ1tEx[eλ1Tx0 ] + e−λ1tEx[eλ1Tx0 ]
≤ e−λ1tB1(B2 + 1).
Thus, we get that eλ1tPx(T0 > t) is uniformly bounded in the variables t and x. By using the equality (2.8) again, it is
easily seen that for x > x0 > 0, η1(x) ≤ B1(B2+1)〈η1,1〉µ . On the other hand, for 0 < x ≤ x0, we have Px(T0 > t) ≤ Px0 (T0 > t).
Thus from the equality (2.8), we get that η1(x) ≤ η1(x0). Hence, for any x > 0, there exists x0 > 0 such that
η1(x) ≤ max{η1(x0), B1(B2+1)〈η1,1〉µ }. This completes the proof. 
3. Quasi-ergodic distribution
In this section, we study the existence and uniqueness of quasi-ergodic distribution for one-dimensional diffusion
X killed at 0, when 0 is an exit boundary and +∞ is an entrance boundary. More formally, the following definition
captures the main object of interest of this work.
Definition 3.1. We say that ν ∈ P(0,∞) is a quasi-ergodic distribution if, for all t > 0 and any A ∈ B(0,∞), there
exists a pi ∈ P(0,∞) such that the following limit exists in the weak sense
lim
t→∞
Epi(1t
∫ t
0
1A(Xs)ds|T0 > t) = ν(A).
Let us recall the notion of intrinsic ultracontractivity [IU], which was introduced by Davies and Simon [6], is a
very important concept in both analysis and probability and has been studied extensively. In addition we point out
that for one-dimensional generalized diffusion processes with no natural boundary, a sufficient condition for [IU] was
given in [13, Theorem 2.11]
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Definition 3.2. The semigroup (Pt)t≥0 is said to be intrinsically ultracontractive [IU] if, for any t > 0, there exists a
constant ct > 0 such that
r(t, x, y) ≤ ctη1(x)η1(y) for x, y ∈ (0,∞). (3.1)
Define
ν1(A) :=
∫
A
η21(x)µ(dx), A ∈ B(0,∞).
We know from Proposition 2.2 that ‖η1‖L2(µ) = 1, then ν1 is a distribution on (0,∞).
We may now state the following result.
Theorem 3.3. Assume that (H) and [IU] are satisfied. Then for any 0 < q < 1, any ν ∈ P(0,∞) and any bounded
Borel function f on (0,∞), we have
lim
t→∞
Eν( f (Xqt)|T0 > t) =
∫ ∞
0
f (y)ν1(dy).
Proof. We know from Proposition 2.2 that r(1, x, ·) ∈ L2(µ). By using Proposition 2.2, writing r(t, x, ·) = Pt−1r(1, x, ·)
µ-a.s. and noticing that ∫ ∞
0
r(1, x, y)η1(y)µ(dy) = (P1η1)(x) = e−λ1η1(x),
we deduce that the following limit exists in L2(µ)
lim
t→∞
eλ1tr(t, x, ·) = eλ1〈r(1, x, ·), η1〉µη1(·) = η1(x)η1(·). (3.2)
Similarly, for t > min{ 1q ,
1
1−q }, writing r(qt, x, ·) = Pqt−1r(1, x, ·) µ-a.s. and r(t − qt, z, ∗) = Pt−qt−1r(1, z, ∗) µ-a.s., we
deduce that the following limit exists in L2(µ)
lim
t→∞
eλ1tr(qt, x, ·)r(t − qt, z, ∗) = e2λ1〈r(1, x, ·), η1〉µη1(·)〈r(1, z, ∗), η1〉µη1(∗) = η1(x)η1(·)η1(z)η1(∗). (3.3)
By the semigroup property, for any (t, x, y) ∈ (0,∞) × (0,∞) × (0,∞), we have
r(t, x, y) =
∫ ∞
0
r(qt, x, z)r(t − qt, z, y)µ(dz).
We know from the definition of [IU] that the equality (3.1) holds, then for t > 1, eλ1tr(t, x, ·) ∈ L1(µ) and is dominated
by eλ1tctη1(x)η1(·). Similarly, the equality (3.1) holds, then for t > min{ 1q , 11−q }, eλ1tr(qt, x, ·)r(t − qt, z, ∗) is dominated
by eλ1tcqtct−qtη1(x)η1(z)η1(·)η1(∗). Note that η1 is bounded (see Proposition 2.3) and η1 ∈ L1(µ) (see Proposition 2.2).
It now follows from the Lebesgue dominated convergence theorem and Fubini’s theorem that for any 0 < q < 1 and
any bounded Borel function f on (0,∞),
lim
t→∞
Eν( f (Xqt)|T0 > t) = lim
t→∞
∫ ∞
0 Ex( f (Xqt), T0 > t)ν(dx)∫ ∞
0 Px(T0 > t)ν(dx)
= lim
t→∞
∫ ∞
0
∫ ∞
0
∫ ∞
0 r(qt, x, z) f (z)r(t − qt, z, y)µ(dz)µ(dy)ν(dx)∫ ∞
0
∫ ∞
0 r(t, x, y)µ(dy)ν(dx)
= lim
t→∞
eλ1t
∫ ∞
0
∫ ∞
0
∫ ∞
0 r(qt, x, z) f (z)r(t − qt, z, y)µ(dz)µ(dy)ν(dx)
eλ1t
∫ ∞
0
∫ ∞
0 r(t, x, y)µ(dy)ν(dx)
=
∫ ∞
0
∫ ∞
0
∫ ∞
0 η1(x)η21(z)η1(y) f (z)µ(dz)µ(dy)ν(dx)∫ ∞
0
∫ ∞
0 η1(x)η1(y)µ(dy)ν(dx)
=
∫ ∞
0
η21(z) f (z)µ(dz)
=
∫ ∞
0
f (y)ν1(dy).
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Notice that when q = 1, we know from [10, Theorem 4.2] that for A ∈ B(0,∞), limt→∞ Px(Xt ∈ A|T0 > t) = ν2(A),
where ν2(A) =
∫
A η1(x)µ(dx)∫ ∞
0 η1(x)µ(dx)
is a quasi-stationary distribution. As we have seen that the above result exhibits a phase
transition. A further investigation of ν1 shows that ν1 can also be described as the following double limit.
Theorem 3.4. Assume that (H) and [IU] are satisfied. Then for any ν ∈ P(0,∞) and any bounded Borel function f
on (0,∞), we have
lim
t→∞
lim
T→∞
Eν( f (Xt)|T0 > T ) =
∫ ∞
0
f (y)ν1(dy).
Proof. For t > 1, T − t > 1, writing r(T − t, z, ·) = PT−t−1r(1, z, ·) µ-a.s., we deduce that the following limit exists in
L
2(µ)
lim
T→∞
eλ1T r(T − t, z, ·) = eλ1(t+1)〈r(1, z, ·), η1〉µη1(·) = eλ1tη1(z)η1(·). (3.4)
Moreover, we know from the definition of [IU] that the equality (3.1) holds, then for t > 1, T − t > 1, eλ1tr(t, x, ·) is
dominated by eλ1tctη1(x)η1(·), eλ1T r(T, x, ·) is dominated by eλ1T cTη1(x)η1(·) and eλ1T r(t, x, ·)r(T − t, z, ∗) is dominated
by eλ1T ctcT−tη1(x)η1(z)η1(·)η1(∗). Then by the Lebesgue dominated convergence theorem, the semigroup property,
the equalities (3.2), (3.4) and Fubini’s theorem, we have
lim
t→∞
lim
T→∞
Eν( f (Xt)|T0 > T ) = lim
t→∞
lim
T→∞
∫ ∞
0 Ex( f (Xt), T0 > T )ν(dx)∫ ∞
0 Px(T0 > T )ν(dx)
= lim
t→∞
lim
T→∞
∫ ∞
0
∫ ∞
0
∫ ∞
0 r(t, x, z) f (z)r(T − t, z, y)µ(dz)µ(dy)ν(dx)∫ ∞
0
∫ ∞
0 r(T, x, y)µ(dy)ν(dx)
= lim
t→∞
lim
T→∞
eλ1T
∫ ∞
0
∫ ∞
0
∫ ∞
0 r(t, x, z) f (z)r(T − t, z, y)µ(dz)µ(dy)ν(dx)
eλ1T
∫ ∞
0
∫ ∞
0 r(T, x, y)µ(dy)ν(dx)
= lim
t→∞
∫ ∞
0
∫ ∞
0
∫ ∞
0 e
λ1tr(t, x, z) f (z)η1(z)η1(y)µ(dz)µ(dy)ν(dx)∫ ∞
0
∫ ∞
0 η1(x)η1(y)µ(dy)ν(dx)
= lim
t→∞
∫ ∞
0
∫ ∞
0 e
λ1tr(t, x, z) f (z)η1(z)µ(dz)ν(dx)∫ ∞
0 η1(x)ν(dx)
=
∫ ∞
0
∫ ∞
0 η1(x)η21(z) f (z)µ(dz)ν(dx)∫ ∞
0 η1(x)ν(dx)
=
∫ ∞
0
η21(z) f (z)µ(dz) =
∫ ∞
0
f (y)ν1(dy).

We now describe the quasi-ergodic behavior of one-dimensional diffusion X killed at 0, when 0 is an exit boundary
and +∞ is an entrance boundary. The following result implies that ν1 is the unique quasi-ergodic distribution of the
process X.
Theorem 3.5. Assume that (H) and [IU] are satisfied. Then for any ν ∈ P(0,∞) and any bounded Borel function f
on (0,∞), we have
lim
t→∞
Eν(1t
∫ t
0
f (Xs)ds|T0 > t) =
∫ ∞
0
f (y)ν1(dy).
In particular, ν1 is just the stationary distribution of Q-process(the process conditioned to never be absorbed).
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Proof. We set s = qt. Then by change of variable in the Lebesgue integral, the Lebesgue dominated convergence
theorem and Theorem 3.3, we obtain
lim
t→∞
Eν(1t
∫ t
0
f (Xs)ds|T0 > t) = lim
t→∞
Eν(
∫ 1
0
f (Xqt)dq|T0 > t)
= lim
t→∞
∫ 1
0
Eν( f (Xqt)|T0 > t)dq
=
∫ ∞
0
f (y)ν1(dy).
For the last part of the theorem, it can be found in [2, Corollary 6.2]. 
Next, we introduce the ultracontractivity of the semigroup, which is of independent interest. We say that a semi-
group Pt is called ultracontractive if Pt are bounded operators from L1 to L∞ for all t > 0. If a semigroup Pt is
ultracontractive, it can deduce that for t > 0, there exists positive constant ct such that
r(t, x, y) ≤ ct < ∞ for x, y ∈ (0,∞).
Proposition 3.6. Assuming that absorption is certain for the process X, i.e. (H1) holds. Then the following are
equivalent:
(i) (Pt)t≥0 is ultracontractive;
(ii) for q > 2, the following conditions hold:
sup
0<x<1
(Λ(x))q/(q−2) µ([x, 1)) < +∞, (3.5)
sup
x≥1
(Λ(x))q/(q−2) µ([x,+∞)) < +∞. (3.6)
Proof. We consider Zt = Λ(Xt). It is direct to prove that Z is in natural scale on the interval (Λ(0),∞), that is, for
Λ(0) < a ≤ y ≤ b < ∞ = Λ(∞)
Py
(
T Za < T
Z
b
)
=
b − y
b − a ,
where T Za be the hitting time of a for the process Z. We know from [12, Theorem 3.5] that (PZt )t≥0 is ultracontractive
for Z if and only if, for q > 2 the following conditions hold:
sup
0<z<1
zq/(q−2)m([z, 1)) < +∞, (3.7)
sup
z≥1
zq/(q−2)m([z,+∞)) < +∞, (3.8)
where m is the speed measure of Z, which is given by
m(dz) = 2dz(Λ′(Λ−1(z)))2
(see [8, formula (5.51)]), because Z satisfies the SDE
dZt = Λ′(Λ−1(Zt))dBt.
After a change of variables, we obtain
sup
0<z<1
zq/(q−2)m([z, 1)) = 2 sup
0<x<1
(Λ(x))q/(q−2) µ([x, 1)),
sup
z≥1
zq/(q−2)m([z,+∞)) = 2 sup
x≥1
(Λ(x))q/(q−2) µ([x,+∞)).
Therefore, we just prove the equivalence. 
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4. An example
We consider a famous biological model: the logistic Feller diffusion process
dYt =
√
γYtdBt +
(
rYt − cY2t
)
dt, Y0 = y > 0,
where γ, r and c are assumed to be positive constants. After a suitable change of variables: Xt = 2
√
Yt/γ, we obtain
α(x) = 1
2x
−
rx
2
+
cγx3
8 .
According to the proof of [2, Theorem 8.2] and [11, Theorem 3.4], we know that the hypotheses (H) and [IU] are
satisfied for X respectively. So it follows from the previous section that there exists a unique quasi-ergodic distribution
for Y.
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